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Abstract

We consider the problem of policy optimization within the context of Partially Observable Markov

Decision Processes (POMDPs) in a

distributed setting where M clients collaborate under the coordination

of a central server. We develop a new theoretical framework to characterize the performance of distributed
policy optimization for POMDPs. Specifically, we propose a novel actor-critic framework, where the agents
collaboratively perform policy improvement and evaluation to maximize the benefit of parallelization.
Under linear function approximation, we rigorously establish global convergence rates for a wide range
of softmax policies, achieving linear speedup in sample complexity along with sublinear communication
complexity. Our analysis builds on a novel, sharp bound for local drift terms and a parameter stacking
technique to analyze temporal correlations that are of independent interest in studying POMDPs.
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1 Introduction

Reinforcement learning (RL) is a sequential decision-making process where an agent aims to maximize
her cumulative reward through repeated interactions with an unknown environment [47]. RL is described by
the Markov Decision Process (MDP) [40], in which the agent chooses an action at each moment based on the
current state and receives a reward. The environment then transitions to a new state in response to this
action. An essential assumption in MDPs is that the agent has complete knowledge of the environment’s
state at every moment. However, in many practical applications, such as predicting stock prices [23] and
training humanoid robots [27], the agent has access only to unreliable or incomplete information about the
environment’s state. We model these sequential decision-making problems as Partially Observable Markov
Decision Processes (POMDPs) [36]. In a POMDP, unlike an MDP, the agent takes action based solely on
noisy observations of the states.

While POMDPs provide significant modeling flexibility, theoretical investigations into their tractability
present a discouraging outlook. [38] and [21] have established that obtaining the optimal policy for POMDPs
using exact methods, such as dynamic programming, is computationally and statistically intractable. Further-
more, existing RL theories for POMDPs often emphasize learning the transition dynamics while assuming
access to a perfect planning algorithm, whose computational complexity is prohibitive in large observation
space [17, 21, 30]. Despite these discouraging theoretical results, POMDP algorithms based on deep reinforce-
ment learning have achieved tremendous empirical success [34, 59]. The adoption of neural networks enables
the extraction of structured representations from historical observations, which is advantageous for policy op-
timization, albeit at the cost of an additional approximation error [14]. More importantly, empirical methods
have also demonstrated the benefits of parallelization in the policy optimization of POMDPs [10, 42, 48] (see
Fig 1 for an illustration).

In this work, we take the first step to bridge this gap between theory and practice by developing new
theoretical results that explain the empirical success of POMDPs, particularly in the parallel setting.
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Figure 1: The left figure, adapted from Figure 4(b) in [42], demonstrates that partially observable RL is consistently
accelerated when more agents are trained in parallel, even though it involves greater complexity than MDPs. This
phenomenon is what our theory seeks to explain. The right figure illustrates practical solutions for POMDPs, where
actor and critic networks carry out massively parallel policy optimization after processing feature representations
extracted from historical inputs. The colored region highlights the procedure we aim to analyze.



1.1 Contributions

We study the problem of distributed reinforcement learning in partially observable environments, where
multiple agents collaboratively learn the optimal policy of a shared, underlying POMDP. We develop
novel theoretical results that explain the success of practical POMDP algorithms in distributed setups.
We demonstrate how these methods trade the computation complexity off with extra error in function
approximation and optimization, which is the key to their scalability. We also show why policy optimization
for POMDP benefits from data parallelism, similar to MDP, and where the fundamental differences lie in
their convergence rates. Our contributions include:

o Algorithm: We propose algorithms to model practical policy evaluation and improvement for POMDPs,
preserving key ingredients of distributed optimization, such as client-server communication, multiple
local steps, stochastic gradients, and weighted averaging.

o Complexity: We establish global convergence rates for a wide range of softmax policies. Under linear
function approximation, we show that our algorithms enjoy linear speedup in sample complexity and a
communication complexity that is sublinear in the computation cost per agent. These terms, as well as
the computation complexity, are independent of the sizes of the state and observation space.

e Technique: We offer new methods to analyze distributed POMDP training from a theoretical standpoint
and a technique to bound the local drift effect with Riemannian integration.

1.2 Related Work

Partially-observable RL Existing POMDP theories primarily focus on learning transition dynamics for
subclasses of POMDPs with polynomial sample complexity [8, 31]. Such studies usually assume access to
black-box planning algorithms [21, 28, 30|, which outputs the value function and the corresponding optimal
policy, given estimated transition kernels. Their analysis crucially relies on a perfect planner. While few
works advance these results with detailed designs for the planning oracles [16, 18], their methods involve
an exhaustive search over all possible sample paths of observations, consuming computation and memory
resources that scale exponentially with the size of the observation space. Recent studies [9, 58] improve the
tractability of theoretical POMDP algorithms with parameterized policies. However, they did not analyze
the sample complexity in policy optimization and failed to explain how parallel training accelerates this
process. Our work stands out distinctly from these results. We provide a finite-time sample complexity
analysis on the error in the planning procedure, which is irrelevant to the size of observation space, and
quantitatively characterize how our algorithm benefits from massive parallel training, aligning with the
empirical phenomenon observed in [42].
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Table 1: Comparison of representative theoretical POMDP algorithms with Algorithm 1. “Exhaustive search” refers
to an ideal planning process that finds the optimal policy by taking the maximum argument of the value function or
exploring all possible histories using dynamic programming.



Distributed Policy Optimization. Recent distributed (federated) policy gradient methods mainly focus
on Markov policies [52] with tabular softmax parameterization [56]. Their data parallel routine synchronizes
every iteration [26], resulting in high communication costs. We extend previous results to history-dependent
policies with general softmax parameterization, while allowing multiple local steps between updates. Table 2
presents a comparison between these studies.

Algorithm Samplej Global Linear | Local Partial.
Complexity Convergence | Speedup | Steps | Observation
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Table 2: Comparison of our policy improvement algorithm 3 with distributed policy gradient algorithms for MDPs.
dg denotes the dimension of the policy’s parameters, M is the number of parallel machines and 7" is the number of
gradient computation per machine.

Many existing works on distributed (federated) TD learning focus on a decentralized manner [12] or did
not contain a linear speedup analysis in their sample complexity [32]. Our policy evaluation method extends
recent TD learning studies [49, 53] from MDPs to POMDPs, ensures sublinear communication complexity,
and relaxes the condition for achieving linear speedup in sample complexities, which is crucial to massively
parallel training. See Table 3 for a comparison.
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Table 3: Comparison between our policy evaluation algorithm 2 and distributed TD learning algorithm for MDPs.
vy is the condition number of linear function approximation.

2 Problem Formulation

Notations. We use < or O to omit constants or logarithmic factors in the expressions, respectively. For
p € [1,00] and v,w € RY, [v]|, denotes the p-norm of the vector v and (v, w)ge denotes the inner product
between the vectors v and w. We use A(X) to denote the probability simplex over a finite set X. For matrices
A and B, the notation A > B implies A — B is positive semi-definite. We denote the Moore-Penrose pseudo-
inverse of a matrix A using AT. Lastly, for probability distributions P and Q, D1 (P||Q) = Exp [log M}

q(X)
denotes the Kullback-Leibler (KL) divergence between P and Q.



The POMDP Model. We consider an episodic Partially Observable Markov Decision Process with a
state space S, action space A, observation space @ and a discount factor v € (0,1) over a finite horizon H.
We assume that the action space is finite, while state and observation spaces can be potentially continuous
sets. A POMDP is associated with a deterministic reward function r, : S x A — [0, 1], transition kernel
Tha(ls) : S x A — § and emission matrix Op(-|s) : O — S for all h € {0,1,...,H — 1}. At any time
h, let s, denote the state of the environment. When the agent takes an action ay, it receives a reward
r1,(Sh, apn) and results in the environment to transition into state sp+1 ~ Th.q, (-|sn). The agent then observes
oh+1 ~ Opt1(-|Sh+1), which is used to take the next action apii. The initial state of the POMDP Sy is
drawn from a distribution p over the state space S.

Let Zy, := (0o, Ao, ...,0n_1,An_1,04) € Z; denote the set of observations and actions till time h, which
we refer to as the observable “history”. We also name Z; := (O x .A)h x O as the history space at time
h. A policy 7 is collection of mappings 7, : Z, — A(A) for all h € {0,1,...,H — 1}, where 7}, denotes
a rule for selecting actions at time h based on the history Zj such that 7, (an|Z)) is the probability of
choosing the action aj, given the history Zj. For the simplicity of notation, we use the shorthand Zz, to denote
(zn,ap). Similar to MDPs, a policy 7 is associated with a value function and a Q-function, which we define
as follows [9]:

H H
Vi(z) :=E" Z'yh_trh(sh,Ah)|Zt = zt] i QF(zt,a¢) :=E7 Z'yh_trh(sh,AhHZt = (zt,a¢)| . (1)
h=t h=t

We also define an advantage function associated with a policy m, which is given by
Af (21, ar) == Qf (2¢,a1) — Vi (21)

The learning objective is to find the policy m from a given class of policies II that maximizes the expected
reward, i.e.,

H-1
sup E™ lz Ve (S, An) (2)
mell h—0

Policy Parametrization. For the convenience of policy optimization over a large observation space, we
associate the policies with a parameter § € R%. When the action space is finite, we optimize the policies
within the class of history-dependent softmax policies [1], which take the form of

exp fo(2n,an; h)
ancACXP Jo(zn,an; h)

(3)

WZ(ah\zh) = 5

Here, fo(-,;h) : 2, x A — R is a real-valued function for any time index h. Eq. (3) encompasses a wide
range of policies, including softmax policies with tabular representation, where fy(zn, an; h) = 0(zp, ap, h);
“log-linear policies,” where fg(zn,an;h) = 07 &, (2n, an) and &, (2n,an) is a known feature with dimension dyg;
and “neural softmax policies,” where fy(-, ;) is a non-linear sequential neural network.

Linear Function Approximation. Following the convention of theoretical RL [6, 35, 50|, we adopt linear
function approximation for the Q-functions in a continuous observation space. We assume that the Q-function
of any policy 7 can be represented by a set of vectors {/F };_ ! as follows: QF (21, an) = (dn(2n, an), ¥F)
for all (z3,ap) € 2, x Aand h € {0,1,...,H — 1}. Here, vectors {¢/T}/__ | encode the information of the
policy, while {gbh}ffz_ol denotes a collection of known functions where ¢y, : 2, x A — R9. These functions
{¢n} | form a compact representation of the POMDP dynamics at time h. A rich subset of POMDPs fall
satisfies this assumption, including tabular POMDPs, where value functions are the inner product between
the a-vectors and belief states [39] with d = |S|; L-decodable POMDPs [13] with rank d;.nk transitions,
where Qp,(zn, an) = p} wF and d = dranx (see Eq. (11) in [58], Prop 2.3 in [22] for details).

Remark 1. In this work, we primarily focus on policy optimization, assuming that the features are already
known. The problem of learning good feature representation has been well-studied for a various class of
POMDPs [18, 51, 58].



Distributed Optimization We consider reinforcement learning in a distributed (federated) regime, where
M agents collaboratively optimize a shared POMDP under the coordination of a central server. Each agent
independently optimizes their local parameters for K iterations, after which the central server aggregates the
parameters to update a central policy. The agents then synchronize their policies and begin the next phase of
local iterations, and we repeat this process for R rounds. We use T'= RK to denote the total computation
budget per agent.

3 Algorithm Design

We present an actor-critic algorithm in which multiple agents solve a shared POMDP in a collaborative
manner. We refer to the algorithm as “Distributed Partially Observable Natural Actor Critic” (Alg. 1), or
“DPAC” for short.

Algorithm 1: DPAC

1: Initialize actor parameter 6, critic parameter .
2: for round 7 in 0,1,...,R—1do
3:  Send 6,,1, to client agents

4:  //Critic: policy evaluation

5. Evaluate Q-function Q™" by running Alg 2 for T, steps.

6:  Send Q™" to client agents

7. //Actor: policy improvement

8:  Approximate policy gradient w, by running line 6 to 17 in Alg 3 with K local steps.
9:  Update policy in central server 0,41 < 0, + 1, - W,

10: end for

11: return Uniform mixture of 8y,01,...,0r_1

DPAC operates by alternately performing policy evaluation and improvement to optimize a shared policy.
At each iteration r, DPAC transmits the central policy, parameterized by 0,., to parallel machines. During
this phase, each agent’s critic collaboratively estimates the Q-function corresponding to the central policy 7o
using an algorithm referred to as "Distributed Partially-observable Temporal Difference Learning" (Alg. 2),
abbreviated as "DPTD." After we aggregate the Q-function in the central server, DPAC executes another
routine named "Distributed Partially-observable Natural Policy Gradient" (Alg. 3), or "DPPG" for short. In
this step, multiple agents compute the policy gradient in parallel, and the results are subsequently combined
at the central server, leading to an update of the central policy. This iterative process continues for a total of
R rounds, after which DPAC returns a uniform mixture of the policies parameterized by {6, 01,...,0r_1}.

In the following sections, we provide a detailed description of our policy evaluation and improvement
routines.

3.1 Policy Evaluation

The policy evaluation algorithm estimates the value function of a given policy. While this process
is well-understood for MDPs [1], designing a distributed pipeline for POMDPs presents three additional
challenges.

First, as [58] notes, POMDPs’ history-dependence leads to computational bottlenecks. Exact evaluation of
the value functions involves an exhaustive search through the history space Zy to calculate a marginalization
constant, bringing computational and spatial costs that scale with ((’).A)H. Second, unlike infinite-horizon
stationary MDPs, the Bellman operator for finite-horizon POMDPs is naturally time-variant, potentially
resulting in H consecutive regression problems [58]. However, optimization literature indicates [25] that
errors in a series of regressions could compound, hindering convergence and complicating finite-time analysis.
Furthermore, optimizing non-Markovian policies in finite horizon POMDPs requires preserving the temporal
correlation in transition tuples instead of sampling from the same stationary distribution in MDPs. Thirdly,
addressing the evaluation problem in parallel settings presents additional challenges, such as correcting the
cumulative bias in local updates.



To address the first problem, we introduce linear function approximation for the value functions, simplifying
the structure of the estimated Q-function. This transformation converts the dynamic programming problem
into a least-squares regression that minimizes the Bellman error [47] at each time step:

mi?dijniize %E” [(Q;lr — (gbh(Zh),wh))z} for all h € {0,1,...,H — 1} (4)
h

The features ¢p provide a compact representation of POMDP transition dynamics, freeing us from computing
a complex normalizing constant in the Bellman backup. To avoid exhaustive history searches, we adapt
the Temporal-difference learning algorithm from MDPs to POMDPs [9], which updates the Q-function by
bootstrapping from its current estimate, thus allowing for direct optimization of the parameter v, without
acquiring full knowledge of Q1.

To tackle the second challenge, we stack the parameter estimates i, across all time steps and jointly
optimize the H consecutive Bellman errors. This approach prevents compounding error and enables parallel up-
dates of {45 }n—0 A1, thereby speeding up optimization. Specifically, we define ¢ = (1g , ¢ ,..., %5 )T €
R4 as the stacked vector of parameters, and we solve the following optimization problem:

H-1
miniﬁmize E™ (), where E7 () := % -E Z y" (Q7 — (8n(Zn), wh>)2
h=0

To preserve the temporal correlation in the data, we sample entire roll-out trajectories Zy from the POMDP
model instead of individual transition tuples, as done in the MDP context. We then extract the first h tuples
to create Zp11, which is used to compute the gradient for y,:

90 (W3 Zng1) = —7"6n(Zn) - (rn + Y0n41(Zns1) " Vg1 — dn(Zn) "tbn) (5)

The term gy, (¢; Z,1 1) is the semi-gradient [47]. We then stack g;, throughout the time horizon:

= - = T
9(W: Zn) = [90(3 20) 7. gr1(¢: Zn) "]
which are employed to update the Q-function estimates at each time instant, all at once,
,l/]r,k-i-l,m i ¢r,l~c,m —a, _g(,l/]r,lc,m; ZH)» (6)

Here, a,. is the local learning rate in round r.

We solve the third challenge by carefully designing the data parallel routine. Each agent performs K local
updates and then sends its estimate " o the server. The server averages these estimates to produce
L which helps reduce variance across local machines. Agents then begin the next round of updates from
Y0 — gyt for all m. We select a sufficiently small local learning rate a, to minimize the deviation
of local parameters from their recent synchronization "*!'. However, a smaller o, can also slow down
convergence. Drawing inspiration from [29, 53|, we implement a weighted averaging strategy at the central
server:

—

_ B M _ K—
o= (1) s 3 g = a3 g gk s
m=1 k=0

Since the gradients in the server possess less noise, it is safe to choose a larger global step size 7, for faster
convergence. While the bootstrapping technique increases the flexibility of the TD learning algorithm, it
also introduces bias into the gradient estimates [47]. Fortunately, this bias diminishes as the estimation
error decreases. This insight inspired us to discard inaccurate Q-function estimates from early iterations and
conduct a weighted averaging during the last R — Ry rounds, using quadratically increasing weights w,. This
process allows us to produce the final Q-function estimate as:

~ R ~
= wr
T:Ro

where Ry is a carefully chosen parameter, specified in Theorem 1.



3.2 Policy Improvement

Given the policy evaluation routine detailed in Section 3.1, we update the policy parameter by a variant of
the Natural Policy Gradient (NPG) algorithm [24]. NPG is a model-free RL algorithm with solid theoretical
justification, and it underpins many practical RL algorithms, such as TRPO [43] and PPO [44]. Building
upon previous works [4, 9], it is straightforward to adapt the NPG algorithm to POMDPs.

Algorithm 2: DPTD Algorithm 3: DPPG
1: Input policy 7, feature {(bh}th_Ol, local Lr. 1: Input 6, ev-aluation procedure PolicyEval(-)
{a i%;()l’ global Lr. {7%}?;017 weights {w, }1,. 2: for round 7 in 0,1,...,R—1do

2: Initialize /%% « 0, " < 0.
3: for round r =0,1,...,R—1do

4:  //Distributed training . S/end .QT, Q to ch.ent agents. - .
5. for machine m = 0,1,..., M —1 in parallel do 5 // Estnnafce grac%lent w by dlst.rlbuted training
6 for local step k = 0,1,.... K — 1 do 6: for r.ngc}.nne min 1,2,..., M in parallel do
7: Sample Z;{’k’m from 7 T Initialize w) ™ <_ 0
. Compute g(4m, Z}}k’m) via Eq. (5) 8: for local step. k in 0, %,k. o K-1 .do ,
’ - 9: Collect trajectory Z;;™" by playing 7"
9 wr,k—&-l,m — wr,k,m — g (,L/)T,k,m; Z;/%m) 10: wf-&—l,m P
1(1): e(zin? for whom — CkaEQ (wf,m; 9, Z}k{,m)
. end for .
12:  Clients send 9"%™ to server g 1/f/ ‘:g:grggi;cligll)ntsl:;fler
13:  //Centralized pro_cessing 13: wl;l o L ZM WhLm
14: Reduce variance %TH < ﬁ Zi\’{;& wT’K’Wi 14; S;nchronjivée wrgfll’mr% wrt!
15:  Poliak averaging ¢"+! < gl — )"+ s end if
16:  Synchronize ™10 g+l 16: end for
17: if r> Rp:then _ 17 end for
18: Weighted sum ¢ = 1) + w41 - " 18:  //Update policy in server
19:  end if 19:  Update policy by 0,11 < 0, + 1, - w,
20: end for N 20: end for
21: return  {Qn() = (¢n() , ¥n )pio }’13;01 21: return Uniform mixture of 6y, 61,...,0r_1

- 3:  Evaluate policy in server Q < PolicyEval (7r97‘)

NPG for POMDPs NPG updates policy parameter 6 with
0t
Oiy1 < Or +1- FJVV™ (7)

Here, Fy is the Fisher-information of policy 7%, which is defined as

H—-1
> A"VeInmh(An|Zu) Vg Inwf) (Anl| Za)
h=0

Fo = E" 8)

for POMDPs [9]. Fy corrects the direction of the gradient flow, resulting in faster convergence. For efficiency,

we do not compute the pseudo-inverse in Eq. (7). Instead, we approximate the corrected gradient fg VQV”et
as a whole, according to a process called “compatible function approximation” [24]:

9)

. 0
w”* € argmin E”
weRd

H-—1

0 P 2
YA (Jve 17 (An| Zrr) — AT (Zh,Ah))
h=0

Eq. (9) results in ;41 < 6; + 1 - w; and we refer to wy as the “NPG direction”, or the NPG “policy gradient”.
This result is straightforward to extend to finite-horizon discounted POMDPs [9], in which we minimize the
function

H—1 , )
La(w; 0, 7)) :=E" lz AP (wTvo Inmy (An|Zy) = A} (Zn, Ah)) (10)
h=0




Q-NPG Eq. (9) adapts to a general policy class on continuous action spaces. However, it relies on a precise
estimate of the advantage function, which results in high sample complexity [2]. When the action space
is finite , we can alternatively optimize the NPG direction w according to the “Q-NPG” update rule [1].
This method does not require an advantage function estimate, and we can instead estimate the Q-function
with temporal difference learning introduced in Section 3.1. The Q-NPG rule obtains w by minimizing the
following function:

H-1
, N2

Lo(w; by, 7%) :=EF > A" (WTVGfOT(ZhaAh?h) -Qf (Zh)) (11)
h=0

We use parallelized linear regression [20] to approximate the policy gradient w,., using samples of the function
—~ _ _ 2
Lo(w;0; Zy) = Zth_Ol +h (Q;{er (Z1) —w ' Vofo, (Zn, Ap; h)) . This approach provides a distributed, model-

free policy improvement algorithm for POMDPs (Algorithm 3), which we refer to as “Distributed Partially-
observable Natural Policy Gradient” (DPPG).

4 Main Results with Discussion

In this section, we provide theoretical guarantee for Algorithms 2, 3, and 1.

4.1 Policy Evaluation

Several regularity conditions are necessary for a theoretical understanding of Algorithm 2, which are
standard in optimization literature [7].

Definition 1 (Bounded gradient norm). There ezists G € Ry, such that Vi : Egz, |g(¥;Zn)|l, <G
Definition 2 (Bounded gradient noise). There exists O’S > 0, such that Var [g,(¢; Z),)] < ag

Definition 3 (Well-defined features). 3 constant pgy € Ry, s.t. E™’ [Zth_ol A (bh(zh)(;ﬁh(éh)—r} = pe - Lg

Similar condition V6 : E__.¢[¢(s)¢(s)"] = pg - Iq is commonly used in the theory of TD learning and
Actor-critic algorithms for MDPs [6, 41, 45, 50]. We extend this to finite-horizon POMDPs by using multiple
linear features ¢y, to capture the temporal relations of POMDPs, and substituting the stationary distribution
d™’ with the sample path probability. We also define vy = py(1 — ) as the ill-condition number of TD
learning.

Next, we detail the error in distributed TD learning for POMDPs with linear function approximation.
The proof can be found in Appendix B.2.

Theorem 1 (Bellman Error Bound for Algorithm 2). Set ¢, = where a is any constant larger

a
he(1=7)(r+a)

and global learning rate defined via 1, := Ofr"'K, the Bellman

than %. For any local learning rate o, < %

error of Algorithm 2’s output parameter is controlled by the following upper-bound

~ ~ ((Hd 1 1 1 1 1 1
R Q : 2 : 2
if we do stochastic averaging with weights w, o (r + 2)? after Ry = 1252‘1 rounds of synchronizations. o2 and

v, g
G are specified in Definitions 2 and 1.

Theorem 1 immediately implies the following corollary, whose proof is provided in Appendix B.3.

Corollary 1 (Complexity of Algorithm 2). Pick K = min {17;1/;7 %Hgg Z, JE} Under the conditions of

Theorem 1, Algorithm 2 returns an e-accurate Q-function estimate using only

~ (1 Hog
Neval - O m 1/¢2 + HdQ (13)




sample trajectories per agent, within R = max{(MT)1/3, sM, %chrg MT} rounds of communications.

2
; ; ; T 1 G2 . _2/8 .~ (Ho+Hd
Moreover, given sufficient computation 57 > 747 HoZs WE can pick K = 457z and obtain O i

sample complexity using only R = (MT)l/3 rounds of communications. In either case, the algorithm requires
Ceval = O (THdg) basic operations per agent.

. . ; 1 1 : 1 1
Remark 2 (Interpretation of Theorem 1). The coefficients min {W’ T—R} and min {W’ ﬁ} are

novel ingredients compared with previous works such as [53, 55], owning to a precise characterization on the
drift terms in Lemma 5. Corollary 1 shows that our algorithm achieves a linear speedup in sample complexity
with only a few sublinear communication rounds relative to total computation T'.

Remark 3 (Adjust Data Parallelism According to Feature Representation). Corollary 1 reveals that, when
our optimization conditions are mild (v, is large and the gradients are small), we can safely adopt longer local

updates K = %//2 to reduce communication costs while allowing computation to drive policy optimization.

However, when the feature matrix becomes ill-defined (when 4 is small), we need to take fewer local steps
to prevent the drift terms from exploding. A detailed analysis is provided in Lemma 5.

4.2 Policy Improvement
Next, we present regularity conditions for a theoretical understanding of Algorithm 3.

Definition 4 (Bounded KL Divergence). The KL divergence between the policies is finite. In particular, the
optimal and the initial policy have a KL divergence below some finite D: Dy, (77;(~|Z}L)H7TZO("Z}L)> <D
Definition 5 (Smooth Score Functions). 33 € R, s.t. |VoInn? (ap|zn) — Vg ln ﬁfl(ah|zh)‘ <p¢ -9,

Assumption 4 and 5, are essential even for the convergence of single-agent NPG with exact gradients.
The following three conditions are unique to distributed NPG using noisy gradients, which are proposed to
describe the statistical property of V.La.

2
Definition 6 (Bounded Gradient Noise). There exists 02, > 0, such that E { HVUJLQ -V LQH ] <02
2

Definition 7 (Bounded Gradient Norm). The optimal and estimated NPG gradients are reasonably large:
IW >0, [[wiml, s wtll, <W a.s.

Definition 8 (Non-degenerate Fisher Matrix). For any parameter 0, matriz Fp defined in Eq. (8) has positive

eigenvalues greater than %~ and less than %

Definition 8 implies that La is pp-strongly convex, which ensures the uniqueness of w*. This is a common
and not overly restrictive assumption in the theories of NPG algorithms for MDPs, from the original work
proposing NPG [24] to more recent studies such as [57] (Eq. (37)) and [33] (Assumption 2.1). A broad class
of practical policies, such as Gaussian policies, satisfy this condition (see page 5 of [33]).

Definition 9 (Sample-path Coverage). The concentratability coefficient between the trajectory probabilities
induced by ™™ and 7% is almost surely finite:

*

* d]IDTr

gprr < T (14)

Ky = E"

We also define k := Eq, ,_, % Zf;ol Kr, where the expectation is taken w.r.t. the randomness in NPG.

Remark 4 (Interpretation of k). Assumption 9 is proposed to establish the global convergence of Algorithm 3.
fi?)l % < +00, indicating the learned policies are exploratory
t t|4t

enough to find the best actions. The assumption is satisfied or relaxed when 7 belongs to tabular soft-max or log-

Eq. (14) is equivalent to k, = E™

linear policies [2]. It generalizes similar restrictions from MDP theory [56], such as Eg 4.4+ [%(S’a))} <C

, to POMDPs, however with the stationary distribution d replaced with sample path probability P. A similar
assumption is also adopted in POMDP theory [9] to establish global convergence. We provide an analysis on
K in Appendix C.1.2 using information theoretical technique.
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We introduce two terms to evaluate the performance of solving the NPG direction w. The first one is the
statistical error, denoted as egtat(w; 0,) = Lq(w; 0,;7%") — inf, Lq(w; 6,; %), measures the accuracy of our
linear regression solution. The second is the approximation error, eapprox(6y) = infy, L£q(w; 0,5 70), represents
the minimum error possible in approximating the Q-function with a linear combination of the coordinates
of Vg fg. For a rich neural policy class, €approx(fr) is very small [54]. In Section 3.1, we use the empirical

estimate () in place of the Q-function for these definitions.
Building upon the literature on mirror descent [7], local SGD [46], and POMDP [9], we establish a global
convergence rate for solving large POMDPs under softmax policy parameterization.

Theorem 2 (Global Convergence of Algorithm 3). Set ¢, = m

satisfying qexp (—%) < #%,/192 (%), I=0 (%); Nr = ”Vi%ﬁ. Under regularity conditions 8, 5,
and 9, the expected functional suboptimality of the outputs of Algorithm 3 is

R—1
BD 1 kHLo2 1
FUSE eV VR g 2B comoxOr) "

The proof is derived from Lemma 1, 2 and 11.

where a = ql +4 with q being a constant

R-1

S

r=0

*

VT —E

under exact policy evaluation.

Remark 5 (Interpretation of Theorem 2). The first term in Eq. (15) is determined by the initialization error
D (cf. (4)). The second term stands for the optimization error in solving the NPG gradient w using linear
regression. It benefits from distributed training and is the source of a linear speedup in sample complexity.
The third term, an error floor, accounts for function approximation error inherent in NPG methods. Compared
to MDPs, the first term in the POMDP error bound scales with an extra v/H and the other terms scales with
H, indicating increased complexity due to greater historical dependency. The last two terms also depend on
% (Eq. (14)), which is essential for achieving global convergence (cf. Remark 4).

The sample and communication complexity of Algorithm 3 by the following corollary, whose proof is
provided in Appendix C.2.

Corollary 2 (Complexity of Algorithm 3). Pick K = 4/ % When the function approximation error is small,
Algorithm 8 promises e-optimality with

- <H4W4ﬁ2D2 +H2//“L%‘H2L20'ﬁ)>

Nimprove =0 Med (16)

sample trajectories for each parallel machine. In total, we need to communicate
Pimprove = O (MY/2TH/2 1 T9/6071/6)

times to synchronize the policy parameter 0, with its gradients w,., whose dimensions are dg. The computation
consumption is Cimprove = O (T'Hdy)

Remark 6 (Speedup Effect). Eq. (16) implies that as parallel machines increase M times, the sample
consumption per agent is reduced M-fold, showing a linear speedup in sample complexity. Meanwhile, the
number of communications scales sublinearly with the computational budget and linearly with parameter
dimension d, while irrelevant with the space sizes. This explains why we can significantly accelerate POMDP
solvers when thousands of agents are simulated in parallel [42], even in continuous settings.

4.3 The Actor-critic Framework

Combining Theorem 2 and 1, we obtain a theoretical guarantee for our Actor-Critic algorithm 1. The
proofs can be found in Appendix C.3.

11



Theorem 3. Under the requirements of Theorem 2 and 1, running Algorithm 1 with T, steps of policy
evaluation ensures functional suboptimality of

R—1
* 1 or BD 1 |kHLo2 1 |kH? (dQ + 02)
VB | 2SOV S HW [Py [Ty~ [ Ry e,
R & S HWA T oV TR +1/¢\/M—Te+\ tH €app (17)

— — Approximation
Initialization Optimization Evaluation

2

Where we abbreviated % Zf’:l E €approx(0r) as €app. Regularity constants D, (3, o7, k, L, o2,

defined in Definitions 4, 5, 6, 9, 8, 2, and 3.
Corollary 3 (Complexity of Algorithm 1).

and vy are

Pick K = %1//22 and T, = K, Algorithm 1 achieves e-optimality after consuming

~ ( C?
Ntotal - Neval + Nimprove =0 (M64)

2
+o,

sample trajectories, where C = H*W?BD + % HLo? +xH? inQ . To achieve this, we need to send
HE 9 Vo

Protal = O ((MT)”2 0 T5/6M‘1/6) dg + (MT)3d
floating-point parameters between the server and the clients. The total computation complexity is of order
Ctotal =0 (TH(dg + dQ))

Remark 7 (Benefit of Parallelism). Compared with Algorithm 3, Algorithm 1 suffers from an additional Bell-
man error, due to inexact policy evaluation. Fortunately, with linear and compatible function approximation,
Algorithm 1 preserves the linear speedup in sample complexity and sublinear communication complexity,
while its computation complexity is irrelevant with S, O. This explains why POMDP solvers benefit from
massive parallel training.

Remark 8 (Complexity Trade-off). Our complexities do not go against the info-theoretical hardness of
POMDPs [38]. Algorithm 1 only learns POMDPs whose value functions possess a linear structure, and the
suboptimality suffers from an extra error floor due to approximation error. Optimizing POMDPs is still
significantly harder than MDPs, which is revealed by additional dependency on v/H in the first term of
Eq. (15) and a dependency on « in the last three terms. This is because history-dependent policies have a
significantly more complex geometry than MDPs [37].

5 Proof Outline

We outline the proofs for the major theorems in Section 4, and defer the details to Appendix C and B.

5.1 Policy Improvement

First, we extend the regret lemma in RL theory [2] to POMDPs with general policies. We provide a proof
sketch in Appendix C.1.1 for completeness.

Lemma 1 (Regret Lemma for POMDPs, adapted from [9]).

R-1 R-1

- 1 0 28D 1 )
V" —E ;)v <HW TJF\/HH E;E,CA(MT,QT,TFGT) (18)

E =
Next, we decompose La with simpler terms, whose proof is provided in Appendix C.1.3.
Lemma 2 (Error Decomposition, [9]). La(w;0,7%) < 2 €spar(w;6) + 2 - €approx(0) + 4 - e’ (’(ZJ\)

Moreover, the statistical error enjoys linear speedup,

Fact 1 (Informal version of Lemma 11). Under careful design, E esat(w;0r) < =5

Theorem 2 directly result from Lemmas 1, 2 and 11.

12



5.2 Policy Evaluation

To show Theorem 1, we introduce the potential function U to characterize the parameter’s suboptimality.

~ - 2
Definition 10 (Potential Function in TD learning). U(¢"*!) := E Hw’"“ —* ,

The improvement of the potential function decomposes into two terms:

~ ~ ~ ~ ~ ~ ~ 112
U@ =U@") + 2B (3" =", §77 = @7 )+ E|[§r+ = || 19)

Progression Direction Progression Distance

The term “Progression Direction” refers to the angle between 1ZT+1 — @ZT and {ET — 12*, indicating the direction
in which the synchronized parameters approach the global minimum *. In contrast, “Progression Distance”
measures the step size of the parameter update. These terms are governed by the following two lemmas, with
their proofs available in the Appendix B.1.1 and B.1.2, respectively.

Lemma 3 (Progression Direction). For any constant ¢ € Ry the progression direction is controlled by
1 ~ ~ ~
Progression Direction < (n,q,.K) - {2U (wr) +E <’(/JT — Y Ez,g (1&7’; ZH>> + 8c- drift(r)]
c

Lemma 4 (Progression Distance). The progression distance has the following upper bound:

. . 2 Tr & 2 2H0-3 .
Progression Distance < (n,a, K)* - |4 H]E%g (wr; Z) H + 2 + 64 - drift(r)
2

MK

The term ¢, := n,a, K is the composite learning rate for each policy update, considering global and
accumulated local updates. The constant ¢ in Lemma 3 arises from Young’s inequality (Fact 2), providing
extra flexibility in designing the learning rate. Lemma 4 shows that periodic averaging reduces variance by a
multiple of M, which is key to achieving linear speedup in sample complexity. In contrast to MDP theory, the
noise variance scales with H, highlighting how the historical dependency in POMDPs accumulates sampling
noise over the horizon. The term drift(r) measures how local models deviate from the recent global update.

Definition 11 (Local Drift). The local drift in round r is the average distance from the optimal parameter

between consecutive local updates on each machine. drift(r) := z]:V[K’“IE HW”’”” — &THz

We control the drift term with a sharp bound derived from Riemannian integrals (see Appendix B.1.3).

Lemma 5 (Local Drift Bound). When o is less than M, the drift term in the r-th round is governed

16T
by the following upper bound,
2

H
drift(r) < T'(K;vy) < %5 + 2G2> -a?

K

where T'(K; vg) is defined as ﬁ (1 -1+ y¢)e—V¢K), which is dominated by W when py #0 and v #

eK?
2

1, and it is controlled by otherwise. We prove this lemma in Appendix B.1.5.

Lemma 5 directly reveals how a smaller local leaning rate helps suppress the local drift effect. We also
propose a novel technique in Lemma 5, which connects the bound on the drift term with a Riemannian
integral, allowing us to provide tight bound for the feature covariant matrix with varying regularity. If
the problem is well-conditioned (v4 > 0,7 < 1), we can increase K without causing large drift, but when
ill-conditioned (v — 0), limiting local steps is necessary. Figure 2 illustrates these insights.

Bringing Lemma 5, 4, 4 to Eq. (19), we obtain the following Lemma, which reveals how the Bellman error
relates to the potential function, learning rates, and the gradient noise.

13
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Figure 2: How local drift vary with K and vs. When vy is large, I'(K;vg) <
save communication. As vy — 0, the drift effect quickly deteriorates, which necessitates frequent synchronization.

< % while the

Lemma 6 (Error Decomposition of TD learning). When local learning rate satisfies o, <
composite learning rate obeys i, < 1112—")8, the Bellman error and the potential function obeys the following

inequality:

U (Jm) < (1 - %L) U (@) _ L;E < (1;) L+ %F(K;%) (g;% N ;@) 25 (%) 2 (20)

where I'(K;vy) is defined in Lemmma 5. The proof is deferred to Appendiz B.1.4.
These

We remark that the restrictions on «, and ¢, are proposed to suppress the Bellman error.
constraints also meets the requirement of Lemma 5. Rearranging terms in Eq. (20) and sum up either sides
with quadratically increasing weights after r > Ry, we conclude the proof of Theorem 1. The technique is

shown in Appendix 1.

6 Conclusion and Future Work

This work establishes the first theoretical framework for understanding the empirical success of distributed
policy optimization in solving large POMDPs. Comprehensive complexity results, novel analytical techniques,

and extensive explanations are of independent interest to practitioners and theoreticians.
An exciting direction is to analyze how exploration helps improve regularity constants, which we leave for

future work.
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A Preliminaries

A.1 Arithmetic Relations
Fact 2. Young’s inequality

e Va,beRneR, :ab< %aQ—l—ng.
e VAace RneR, : A2 < (1+77)(A—a)2+(1+%)a2
e Va,b e R: (a+0b)? < 2a% + 2b°

Fact 3. Jensen’s inequality

e VneZy,a, €R: (X0 a) <nS, a2
e Va,b,c,€ R: (a+0b+c)? < 3a®+ 3b% + 32

A.2 Policy Gradient for POMDPs

We extend the policy gradient theory from MDP to POMDPs. The results are adapted from [4, 9, 36, 58|.
In partially observable reinforcement learning, we aim to find the policy that maximizes the value function

H-1

VT =FET lz ’)/h Th(Sh, Ah)

h=0

We can write the Bellman equations in the following format:

Vi (ze) =E™ [Qf (2t = (21, Ar))]

_ 21
QF (2¢,a¢) =E [re(St, ar) +9 Vi1 (Zegr = (21,01, Op41)) | Z = (21, a4)] @)

Similar to MDPs, the difference in the value functions of different policies is associated with the advantage
function:

Lemma 7. (Performance Difference Lemma for POMDP) For any policy 7/, 7,

H-1

> A" AL (Zn, An)
h=0

Vﬂ" — VT = ]E7r'

We can also smoothly generalize policy gradient theorems [47] to POMDPs by the following lemma:
Theorem 4 (Policy Gradient Theorem for Finite-horizon Discounted Reward POMDPs).

H-1
Vov™ =E™ | N 2"QF (20, A) Ve Innl (A Z,)
h=0

—E" [Z VAT (2, AVeInTl (A 2| (22)

Remark 9. We can write Eq. (22) in another way:

H-1

0 0 Vorl (AnlZ1) o0
VoV™ =EF h 28 W VY AT (2, A 23
0 P };’Y WZ(Ah|Zh) h ( h h) ( )

which sheds light on how to approximate the value function by simpler structures:
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Corollary 4 (Importance Sampling). For finite horizon, discounted reward POMDP, the following function

H—-1 0

~ 04 04 ™ (Ah|Zh)

L(0;6,) := V™" 4 BT | S A IRERER AT (7, A,)
L_o T (AnlZn)

satisfies
. 0 . wf
D) L(6;6:)],_ o, =V |, (i) Vo L(6;0)],_ 0, = VoV |, y,

which implies that it can be used as a first-order approximator of the value function V™ in the neighborhood
Of 0t N

Ve>0, 30>0, st. VO : [|0— 0, <5, V™ —L(0;60,)]<e

This corollary illuminates how Theorem 4 relates with TRPO [43] and PPO [44] algorithms.

B Distributed TD learning for POMDPs

B.1 Proof of Auxiliary Lemmas

To allow for more flexibility, we extend the definition of Bellman error in Eq. (4) to any two stacked parameters:

Definition 12 (Extended Bellman Error). Given two parameters ' and ¢2. Let Q' denote the Q-function
estimate constructed from Qb = (¢pn(Zn), i) fori € {1,2}. Define

~ ~. 2
w0 (Qhz) - Q3 Zn) =
(¢17¢2 =K Z Y ( o 2 o ) (wl lz v (bh Zh ¢h(zh) (wl - ¢2)

0

It is straightforward to see that E™ (i, v*) = E™ (V).

We also need the feature vectors to satisfy several regularity conditions to support our theoretical analysis.
These conditions are standard in the theory of linear function approximation [5, 11, 50]. Without loss of
generality, we require the feature vectors to be normalized 2-norms, so that the norm of the parameters and
the Bellman error defined in Eq. (4)) have the following (crude) upper bounds

llly < VHA,  E() < [lv —3* |, (24)

Readers may refer to Lemma B.2 of [13] or Section 2.1 in [22] for a reference. On the other hand, condition 3
ensure that

W—Mﬁsifwxnm—wﬁsif%mw) (25)

Comparing Eq. (24) with Eq.(25), we discover the relationship between the potential function and the Bellman
error:

po U (07) <EE (&) <U (¥) (26)

B.1.1 Proof of Lemma 3

Proof. In Lemma 3, we aim to show that for any constant ¢ € R :

2_]E<Jr_¢* ’ JT+1_,(ZT>

Progression Direction

<K [2(1—7) EEWT) 4= o[, 10 Zm’kE‘ gl !
=7 C 2 MK 2
Bellman error Potential function Local drift
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We will heavily rely on the independence relation of successive rollout trajectories. For a precise char-
acterization, we introduce a set of sigma algebras to describe the relationship between several random
variables.

Definition 13. Define the random events occurring before the derivation of qlzrk ™ as

H-1
]:-,rl,k,m -0 (wr,k—l,m Z:L.ﬁl 1, m) -0 (wr {Z;‘Liiﬂ f;()l) ]:'T,kﬂn = U J—_-}rl,k,m

We further define the following sigma-algebras to characterize the randomness before we update other parame-
ters:

M—-1 H—1 K H—1
k - k k
=y 75 o r=URY m=UR"Y F=U#A
m=0 h=0 k=0 h=0

To prove Lemma 3, we unroll the update rule to exress the parameters by sample of the semi-gradients,
before we telescope the sample gradients with their expectations and invoke their continuity conditions. First,
we notice that from Algorithm 2,

=

K—
2om
M
k=0

’lpr+1 (1 - nr) ’ll) + nrwr J’P — Oy - gh T/JT % m; _Zflm) (27)

Eq. (27) suggests that the following relation holds for any realization of ¥", "+ and ™F-m™:

9 <11’[;r — g, JﬁLl . {Z;r>

H-1 M-1K-1
. ~. 1 k, _r,k,m k 1. k,m
_ 2(777“0/) Z <,(/};L _w;;’ M Z Z an (wr m. Zh+1 ) _EZZ’fim g (wh ’m5Zh+1 )
h=0 m=0 k=0
M—-1H-1K-1

S S (G B g (v 2

mOhOkO

By the towering rule, we see that the telescoped term has zero mean,
B (Fivi . () B (7 )
e (- 8 B o ] <o
which implies that the left-hand-side in Lemma 3 equals
2~E<{Z;T*1/J* , JT+17,‘ZT>

~ ] Mo1K-1
=2(n"a")-E <¢r oyt = Eyrrm g (wrk m. Z;Jlilm)>
=2("a’)- Y E(V ~v" Bz g(752))

(1)@1 _ 1 M—1 —
+20fw7~§jE<wT—w*,AIEIEng (W*"‘%fﬁ)—Ezg(wﬁZ)>
m=0

k=0

For the first term, Assumption 1 implies that

3 S8 m(547)

k=0

. ( w v J\Ezg(w’“ Al

e 7 v, e

2 2

<2n"a"K -
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For the second term, Lemma 9 implies

K-1 _ M- ~
a’”)~ZE<W—¢*, X_j o g(wmz;f{”)—ng(w;Z)>

Z [ v | et = AP
< Tl 2 T H T " ( Tkm _Tkm) B ( k )H
<2n"a E % —|—2 i E, g YUz Ez glY"; Z ,

2 - W cz
r.r m=0 r,k,m r
<o EjE > 16H¢ —J

which results in

+ G? + 16¢ -

2~E<1zr_w*’,l;r+l_{ljr>§nrarK <1+ ) HW *z %\??EHW””"—WE

Progression Direction Local drift

O

Before we proceed to prove the next lemma (Lemma 4), we need to characterize how the variance in
sample gradients is reduced by sampling independent rollout trajectories from the same policy.

Lemma 8 (Variance Reduction).

K—

M
1 rk,m. _rkm ™ rk,m. 77.km
sz;) — gh 'l/] 5 h+1 ) Ez;fim gh(w ;Zh+1 )

[y

2

= MK
2

This result is a smooth generalization of Lemma 7 in [53] and we omit the proof for brevity.
We also need to describe the continuity of the semi-gradients, which is summarized in the following lemma.

Lemma 9 (Lipchitzness of the Expected Semi-gradient). The ensemble mean of the stacked semi-gradient
has Lipschitz constant 4: H]EZthl gy Zniy) — Ez, .. g(v?; Zh_H)H <4 ||1/11 - 1/12H2
2

Proof. Under linear representation, the ensemble mean of the semi-gradient at each step takes the following
form:

Ez, .y 90" Znia)

=—1"E [¢n(Zu)(r(Zu) + Yon+1(Zns1) "1 — I0(Zu) TU})]

=—+"E [¢n(Zu)r(Zu)] — V" 1'E [6n(Z0)bni1(Zn1)) ! V1 — V"Bon(Zu)on(Zu) ",
Triangle inequality and Cauchy-Schwartz inequality suggest that

HEZh+1 gn(W'; Zny1) —Eg, 9h(¢2;Zh+1)H2

= H MR [¢ ZH)¢h+1(Zh+1)]T (Vhy1 — V1) = V'Eon(Zu)dn(Zu) " (1 — wi)H2

" |E [6n(Zi)onr1(Znin)] T (Whs = 0|, " [Bon(Zunon(Ze) T (k= 03)],

=" [Vhr = il + 2" lon = il
which implies

[Bzs 0% Za) ~ Bz, 000% Zn)||, < 20792 by — R 3+ 27 h — 02
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Stacking semi-gradients according to Eq. (6), we conclude

B B 9 H—1 B B 2
HEZH 9@ Zy) —Eg, 9(¢2;Zh+1)H2 = Z HEZ;M gn (W' Zng1) —Eg, 9h(¢2;Zh+1)H2

h=0
= 2h+2 |[,,1 2 2 2h |[,,1 2112 =y 1 212 1 2112
§Z2’Y ‘|¢h+1‘¢h+1”2+27 Hﬂfh—d)hHQ §4Z ||1/’h—1//h||2:4|’¢ - H2
h=0 h=0

which is what we desired.
Building upon Lemma 8 and 9, we are ready to show Lemma 4

B.1.2 Proof of Lemma 4

In Lemma 4 we claim that

- 2 - > Ho?
r+1 _ 7 < r.r 2 ‘ ( T. )H H rk,m r ) g

EHd’ v, s raK)T- 4 [EZg (072 7l L A VK,

—_———

Progression Distance Local drift Variance

Proof. Similar to the proofs in Appendix B.1.1, the update rule in Eq. (27) and Young’s inequality suggests
that the progression distance decomposes into two terms:

) H-1 | M oK1 2
o 0t 2 _rk,
Bt = | =ran? 3OB |52 3030 anwrhe k)
h=0 m=0 k=0 2
H—-1 1 M K-1 2
<9 (nrar)Q Ell— Z gh(wr,k,m; Ez,f,lm) EZT o gh('(/)r k,m., Z}rlfl’m)
pr | B v o8 2 (28)
Variance
H-1 | M oK1 2
2 k
corar? S| L 3 S w etz
h=0 m=0 k=0 2
Bias

The first term is associated with the noise in the sampling process, while the second term is related to the
local drift defined in 11 and the bias in the semi-gradient.

Lemma 8 indicates that the variance term is governed by the following bound

H 1 2 2

Ko Ho

Vi <2(n =2(n"a")?K—~< 29
ariance E ) 7 (29)

The bias term is related to the Bellman error. Specifically, Jensen’s inequality suggests that

H-1 M K- 2
rK,M, rk,m
ZZ EZrsm gn(0™™ Z00")
h=0 m=0 k= 2
H-1 2
m,k rk,m. 7, T T, > T Tr. > r.k,m
<> K ZREEE (|[EL, b gn(0"F™ 205 — BL gn(07; Z) + B gn (073 2)|| |FTR
2t MK v ,
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With a telescoping trick, we observe that

H-1 1 M K-1
™ r.k,m ., Zrk,m
E E M E E Ezmm gn(" h Zh+1 )
h+1
h=0 m=0 k=0 2
<9K?2 Zm,k: E|E ||E" r.k,m Z7km E~™ ~7’_Z ]_-7’,k,m 1 E™ NT,Z 2
S Tk GRS T B (57 2) 073 2).
ik
< 2K2 m, E ’ r,k,m or 2K2 or. H
<3 Viid [ (0 - + E"gn(4"; Z)

where the first step is by Young’s inequality (Fact 2) and the second is due to the Lipchitzness of the average
semi-gradients (Lemma 9). The proof is completed after we bring Eq. (30), (29) to Eq. (28). O

In what follows, we will show how the upper bound on the local-drift term scales with the gradient
variance and the learning rate (Lemma 5). As a preparation work, we need to relate the semi-gradients with
the Bellman error.

Lemma 10 (First-order Relation for Extended Bellman Error).
E(yp!' —¢*, Bz [9(0'; 2)] —Ez [9(¢% 2)]) < —(1 = )E E(4';9?)
Proof.
g5 2) =1"0n (r +10n11Vhar — Y 03) (W% 2) = "o (r + 1001 ¥h — Un VR)

So we have

H-1 H-1

LHS =E Y (Y — ¢ gn($1) — gn(2)) = =E > (¥ — i, =" on (Vo1 (V1 — V7 1)) — 61 (Wh — ¥7))

h=0 h=0

H—-1
=—E > " bn bk — U7)  (Shr1s Vi — Yir) + 7 (b0 — UR)

h=0
H-1 2

=E — ) yununsr + 2E (1h1,2) <7EZV ( 4 Qh)—%(%,d}z)
h=0

u2
=—& "¢ +(€ (v v?) - ?O) +2E (Y1,v2) < —(1 —=7)E (Y1,92) = RHS

We remark that we write ¢¢(%;) " (YF — ¢*) as u; for brevity. O

Now we are ready to prove Lemma 5.

B.1.3 Proof of Lemma 5
We would like to show that

%\:ﬂ’{kE U Y — g z] < (a")? T(K;vy) - (HKU‘% + 202>
Local drift
where L (1t K)o
I'(K;vy) =e- ZI//Z)Q < (31)
exs K2

2when0<of<w.

I'(K';vy) approaches when v =1 or ug = 0, while is dominated by ﬁ

This result directly 1mphes that,
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e When pp # 0 and v # 1 and the learning rate satisfies a” < M

Z

e-a? HO’ )
| < w5r ( K ”G)

e When i1y =0 or v = 1 and the learning rate satisfies a” < wsw

Zm,k 2 < €- (aT)2K2 HO’g + 2G2
MK 2| — 2 K

{H¢Tkm o

Local drift

Emwmm_&

Local drift
which is the cornerstone of Theorem 1.
Proof. The proof is a stronger version of proof of Lemma 9 in [53]. We express the parameter ¢ in terms

of the sampled semi-gradients, then we use a telescoping trick to replace the sampled gradients with their
expected value.
2
)
Local drift

~ 2
:ZE w;,kl,mw£+¢z,k,mw;,kl,mH2:|

Emwmm_&

[ k—1, _rk—1,
=SB ||t wh+mygmwrk1m,;+1’”H}
h L

i ~ 2
= ZE w}?kil’m - /(/);L + Oér]Ezf,fl—l,m gh(l[/’ k 1 . ézfl 1 m H2:|
h L
2
2 1, —r,k—1, —1 —r,k—1,
[ ) g i

2
rk—1,m T, m, zr,k,m T
<<§:E[Hw M= G+ 7B g gu (97 2 ’L}+(a)2uHJ§

The third step is due to the cross term being zero if we condition on FF~1™ We proceed by telescope
again to replace the gradients at each parameter /™% ™ with that at the last synchronization 1"
E |:H,(/}r,k,m _ ,LZT

2
2
Local drift

1 - 2
<(@ o} + @ (14 ¢ ) [Bzus o0 200

k—1, —rk, 7
(1+¢) ZE ([ byt wh+aEzm gr(@mF T 2™ — "By, gn (V73 Zng) 1113
——— —
I

II

This relation holds for any positive £ due to Young’s inequality (Fact 2) and later we will select an appropriate
value of £ that balances the terms when we unroll k£ to 0. Next, we associate term II with term I by the
4-Lipschitzness of the semi-gradient stated in Lemma 9:

[Ezs 906 Z0is) = Bs, , 0(6% Znn)|| < 4l = 02,
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The cross term between I and II can be derived from Eq. (25) and Lemma 10.

_ _ 2
E(' =9, By [9(¥} 2)] —Ez [9(0* 2)]) < (1L = E EW'¢%) < (1 —vue - E 9! — ¢,
provided that the feature covariate matrix is positive-definite. By rearranging terms and then taking the

ensemble mean, we see that the drift term subjects to a linear dynamic equation:

drift(k; r) <A - drift(k;r) + B (32)
where i
drift(k; r) ::&E [Hl/ﬂ"»kvm - JT J

=(1+¢) (1 +16(a”)* —2a"(1 — 7)M¢) (33)

B ::(o/")2 . Haf7 + (1 + 2) GZ)

The synchronization rule (line 16 in Algorithm 2) suggests that drift(0;7) = 0, which then implies

k k
drift(k;r) < AFdrift(0;r) + B- > A'=A".0+B-> A" <kA*-B
t=0 t=0
It is also convenient to abbreviate the local drift as drift(r). and the definitions of the drift terms naturally
suggests that

Z k k ~ 112 1 K-1 1 K—1 .
rift(r) MK { G (0 2] K 2 rift( r? <B- kZ:O -
Local drift Ensemble drift

We will compute the right-hand-side of Eq. (34) and then complete the proofs.

First we would like to simplify the scaling term A in Eq.(32) and sure that unrolling & will not cause any
terms to diverge when K is large. Pick £ = % and o < W, we can guarantee that (1 + E)K < e and
that (1+16(a”)? —2a"(1 — y)ug) <1 — (1 —y)pga” < e~(1=1Hsa" Next we connect the summation to a

Riemannian integral and provide sharp bounds for all K € Z:

—(1+aK)-e K
a’K

1
=eB-

1 /K
drift(r) <eB - ?/ xe  dx
0 a=(1=")pe

a=(1-7)pgs

B _|a=itm >0
=F(%u¢,K)-K<{gBI§) B o
2

For reader’s reference, we plot the summation with its upper bounds evaluated at p4(1 — ) = 0.07: which

100 — I(v,K)

1
/ 1
n 80 II VK
3 / —_—— K
] 7 p
z 60 1/
/]
40
E 1
(= /
/
20
0
0 200 400 600 800 1000

K

Figure 3: Upper bounds on drift(r) across different K. Curves evaluated at B =1, (1 — ) = 0.007

dominates

clearly shows that the bound % is approximately effective when K is large, while EB2K
the summation when K or ug(1 — ) is small.
We complete the proof by substituting B with its definition in Eq. (33), where we select £ = % We will

also need to use the simple fact that (1 + %) < 2. O
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B.1.4 Proof of Lemma 6

Proof. First we invoke a standard result in federated RL that links the gradient-dependent terms in Lemma 4

and Lemma 3. Readers may refer to Eq.(a) in the proofs of Proposition 4 and the second in equality for
Lemma 10 in [53] for details. With Definition 1 and Lemma 9, we have

~ ~ ~ _y\ 2 ~

E <W — 9", E.g (W; Z)> + nra, K -2 ] E% g (W; Z) HQ < —pg(1 —y)U (¥") + 16E & (1/))

Taking Lemma 3 and Lemma 4 to Eq. (19),

Tr+1 _ r 2
Y G

2

U(,lzr-i-l) :U(,IZT‘) + 2E <,(//\)'7" _ ¢* , 1;7‘-"-1 _ ,(Z;T'> + E‘
Progression Direction Progression Distance
nrarK Tr 2 r r
< (1= ) U@ e K - | (20— s+ = ) U (@) + G4m0, KEE ()| (35)

: - “

2 Ho?
} oK)
2

+npa K (¢ + 4n,0,K) - 16 PR T

MK MK

Local drift

Next, we further simplify the two terms in the middle, at the cost of several restrictions on the learning rates.
First we would like to simplify the second term. With Eq. (26), we discover that as long as the composite

learning rates satisfy 7., K < %;’), we are able to do suppress the Bellman error with the potential
function, under the setting ¢ = —+—:
pe(1—7)
~ —us(l— ~
o1 —3)- U (1) + 64,0, KEE (37) < 20 =V ge (7) (36)

Under the requirement of «a;,. < W, Lemma 5) suggest that the local drift term is dominated by

Zm,kE “

rkm 7
ke (8

16

2 Ho?
< 16T(K: — 9 4 9G?% | - a?
z]— (’”¢)<K+ )O‘T

Local drift

where I'(K; v4) is defined in Eq. (31). We decrease the local learning rate with a factor of H to offset the
non-stationarity of POMDPs.
With these two simplifications, we arrive at

~ ~ ~ ~ ~ ~ ~ |12
U@ =U@") +2E(§ =", ¢ =g )+ E[[§ - |

Progression Direction Progression Distance

_ ok o) — Vome(ir
§<1 5 V¢>U(w> mor K - 2B & (47)

2
Hog

+ 4) 16T (K vg) ( 7

+ (nrarK)2 <Oé Kl/¢ + 2G2) . OZ%
T

2
o Hoy

under the condition that ¢ = ﬁ, vy = po(l—7), ap < %677) and n.a,. K < %gv). If further require

that a, < MT(S%_KW) , then we could obtain (arf(% + 4) a? < 64131(2 and arrive at

() < (1) () = ome () e (7 + ) 1 S
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B.2 Proof of Theorem 1

Proof. To further abbreviate expressions in Lemma 6, in what follows we write n,a, K as ¢, ”—“’IE & (1;7’)

as e, (d)r) as u, and A as ZF(K V) (HES + é?;) + 25; Under the constraints that o, < “‘{’é;lg),

< %87), we obtain

nrarK =lr >

1 I/¢

1
er < (Lr - 2) Up — ;ur—i-l + Av, (38)

Now we set the stochastic averaglng weight as w, = (r+2)2, total weight as W = Z o wr > R?/3, composite

learning rate as ¢, = m where a is any positive constant larger than 2. Then when the total rounds

of communication is sufficiently large such VR > Ry, we ensure that ¢, <
last error terms is controlled by

128, the weighted average of the

R R+1
1 3vy 1 3a [ 1 ,In(1+ )
— ey <220 (1 2 S pa—22 T a ) g
W%we—Ri”( a>u0+y¢<2R+(a T
r=Rg
2 2 2
~ [ Yo .70 * 112 Ha, Hay G
=0 | Z2|¢° - — 09 (K vg)— S+ T (K vg)—
<R3 ||/l/} ’lr/) H2 + Ud)MKR + ( 7V¢)V¢R2Kg + ( 7V¢)V¢R2K2
<0 DK vg)— S 4+ T (K vg)— e
= <R3 ootk T e T ) e

The proofs of the first inequality is similar to Lemma 3.4 in [46] and we omit it for brevity. The last display
is due to Eq. (24). By the convexity of the Bellman error, we conclude:

-~ ~ (Hd ]. 1 F(K'l/¢) (K l/¢)
E ( R) < =0 - SN Ye) N a2y 2\ V) 2
E(YT) <O IE + UT + T2 o, + T2 G (39)
where we write the total number of gradient steps or sample trajectories taken by each parallel machine
as T = RK. We remind the readers that the error bound holds true when «, < “i"é;lg), N = aLTK,
by = m, w, = (r+2)? and we take the weighted average after r > 15—82“. We complete the proof by

the fact that T'(K;vy) < O (min {%27}(:&’[(2}> and T = KR.

B.3 Proof of Lemma 1

In what follows we design a parallel training setup to make the error bound in Theorem 1 be dominated
by the varince reduction term, so that we will benefit from parallelism via a linear bpeedup in sample
—~ HoZ+Hd
complexity. Simple calculation reveals that Eq. (39) reduces to E £ (wR) 9] (jMT) under the
following conditions

Definition 14 (Linear Speedup Condition).

T2/3  T(K;vy) T Ho2T
K < Ml/g, K < M’ and ].—‘(.I:(7 V¢) < W (40)

~ 2
The sample Complexity to obtain an e-accurate Q-function estimate is Neya < O (ﬁ (H “29 + HdQ))

Vo

trajectories, or 9] ( e ( % g + HdQ)) observation-action tuples.

To satisfy the constraints in Eq. (40), we can select the communication interval K according to the
ill-condition number vy, using the analysis results in Section B.1.3:
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e When v, is small, meaning that the feature matrix is ill-defined, we need to carefully limit the number
of local steps to suppress local drift. We recommend choosing local steps

(41)

T2/3 2T 2 Ho?
Kgmin{ 7

M3 eM’ G M

so that the constraints in Eq. (40) is met using the fact that I'(K;vg) < d;z . Moreover, in this scenario
the error bound in Eq. (39) is controlled via

Hd? 1 1 Hd Ho?
R < L L2 g
]Eg(d’ ) O(MT+ KMTJFRT) HU +R2GD O(MT+V¢2MT> (42)

and the communication complexity is

T e e G
Z>m MTYY3 M -~ MT 4
R= I {( ) ' 5 ,,/2HU§ } (43)

e When vy is large, it implies that the feature matrix is well-defined, we need to ensure that the total and
local compuation budgets are large enough to keep the last two terms in Eq. (39) quickly converges.
When that happends, the variance reduction term will stands out of our bound, which exhibits the

beneﬁts of parallelism by a linear speedup. To this end, we discover that a) K < %/; implies that

1 L(Kvg) 1 T 1 G2 . :
75 < MT, b) K > W— implies that ( ”do < %2;{7,2 S 377 and ¢) 57 > 7,2 Ho? impliese that

D(K3vg) 2 e 2 « Hog
7 G < 2T2G ~ MT -

) to ¢) are simultaneously satisfied, the sample complexity will

1

. Lo . /:
scale with One possible scenarios is to pick K = % when % > ve? H HoZ- This choice directly

T
meets the requirements of a) and c), while also ensures b) L > — 2 7 since second moment is larger
than the variance. Under this setup,

Hd®> 1 1 1 1 ~ (Ho?+ Hd
R’ < B I e T 2 2 < A
Eg(w ) O(MT+ [(MT+V¢2KT2)H%+V¢2T2GD —O< Vo2 MT ) (44)

where the number of communications R = L = (MT)'/? improves Eq. (43), at the cost of a slightly
increase Bellman error.

O
C Distributed NPG for POMDPs
C.1 Proof of Auxiliary Lemmas
Corollary 5 (8-smoothness). Assumption 5 implies
(B0~ 00t) Vo e (anlzn) — 2 100 — Ol < I (an2n) — Iy (an20) (45)
2

The exact value of B is relevant to the policy class.

C.1.1 Proof of Lemma 1
We will show that

1=, 28D 1=
VT E— > vTT < HW -+ VkH = 2::0 E La (wy; 0, w0r)

r=0
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Here, La is the compatible function approximation error, defined in Eq. (10). & is a regularity constant
introduced in Eq. (9). The following proof is a smooth generalization of NPG regret bounds to POMDPs,
which is inspired by [2, 9]. Our proof adopts a different definition for x compared with [9], and our policy
class is no longer limited to softmax parameterization like [9], or Markov policies like [2].

Proof. We would like to introduce some functions for the convenience of our analysis. First, let us define

H-1

(w3 0,) =E Y A (A;;“ (Zn) —w Voln sz(Ah|Zh)> (46)
h=0

We also define the following potential function under assumptions 5 and 9,

H-1
U s7%) =B 3 A" Dy (7, (- | ) 5, (- | Z0)) < +o0 (47)
h=0

which will be used as a tool to link the functional suboptimality V™ — V™" with the compatible function
approximation error. We will also invoke Cauchy-Schwartz inequality for vectors >, a;b; < />, a?-\/>_, b?
and random variables E|XY| < VEX2VEY2.

Conditioned on all the parameters 0,., w,, we observe that

U (War;ﬂ*) -U (Wa”l;w*)

By [Pt (w1 20) e -1 20)) = D (i (1 20) I 1 20) |

h=0
JH-1 . 0 ) (48)
=E" Z ¥ / dAp, F;(Ah‘Zh) (lnﬂ'hTJrl(Ah|Zh) —1In th(Ah|Zh))
e A
(S 8
>E™ Y A" ((er+1 —0,)Ve Izl (An|Z)) — 5 llo- — 9,.+1||§> //B-smoothness, Corollary 5
-1 o H-1 .
=, .E™ Z ,7h (w;rV9 IHWZT(AMZh) . AZ r (Zh)) + 7, - E™ Z ’YhAZ T (Zh)
h=0
i3 2 |, |2 . . -~ (49)
Z 7S llwr |l //Telescope the advantage function and invoke 6,1 = 6, + 7w,
* r 2H
= =1 (wp;0,) + 1y (V7r RV ) — m/z n? //Performance difference lemma 7
Dividing both sides of Eq. (49) with n,., we obtain the following fact when conditioned on 6, and w,.:
N - Or. *\ 9r+1~ * 2H
\Vas *Vﬂ-e < U(7T T ) U(ﬂ' T ) +€*(w7‘;07‘) + ﬂV[; Ny (50)
r

Fix n, = n for all r. Conditioned on all the parameters 8,,w, returned by SGD, we take the average over all
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r and obtain

R—1 R-1 R
1 * 22 1 /BWQH
_ VT VT < — O %\ _ 7‘+1
er:zo _RZU(W %) — U(n® 2;) 5
E“ Sy A" [Dxcw (w55 | 2Zn) 1 (- | Zn)) — D (wf (- | Z3) 7 (- | Z))]
nRk
R
5W2H . .
E g 5 //U is non-negtive (51)
_HD 6W2H =
7R + 5 E go (wr;6,) // Definition 4.
R—1
28D 1 \/2D 1
<HW % + 7 ; e (wr;0,) //Optimize 7, over R to get n = W/ﬁ\/ﬁ

Next, we connect the term e*(w;6,.) with the compatible function approximation error introduced in Eq. (10):

€ (wyr; 0;)

=E™ Z AP (/—\Ze (Zn) — wr TV lnwh (Ap, | Zh)> //Definition in Eq. (46)

h=0
H-1 «
0, n dP™ n P
=E" ZVZWVQ( R (Zn) —w ' Velnmy (Ahth))
h=0
e | dP NS e . 6 2
<E Z v AP°" Z e (Ah (Zh) —wy Volnm, (An | Zh))
h=0 h=0
//Cauchy-Schwartz for vectors (52)
H-1 N2 H-1
dapr _ 2
<. |E=" h Er° h (AT (Z,) —wr TV In7d (A4 | Z
<= X (e ) B o (A () el (4| 20)

//Cauchy-Schwartz for random variables

gpr =l H-1

_ 2
L D IR DRL (AT (Z0) =, Vol (A | Zn))
h=0 h=0

<VkrH - \/La (wy; 0, 7%) //Definition of £, in Assumption (9) and La in Eq. (10).

Taking the expectation w.r.t. 8yp.g—1 and wg.g—1, we obtain

=

1
E € (wr; 6,)

r

OHO

R
Z

v/ HE &, \/ E., 0, La(wy; 0, 7))  //Cauchy-Schwartz for random variables

(53)
S\/ﬁ\/zr OF k, - \/Z’" OE La (wy;0,,7%) //Cauchy-Schwartz for vectors
=VK \/ZT OE La (wr; 0, 7)) //Definition of x in Eq. (9)
Bring Eq. (53) to Eq. (51), we conclude the proof. O
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C.1.2 Discussion on s

The authors of [9] introduced a similar concept of x. In this work, we replace their definition with a finer
characterization by investigating how the regularity constant evolves during policy improvement. Recall

that we defined &, by K, = E™ jg:gr and referred to k as k := 4/ % Zle E k,. By expanding the trajectory
probability along the horizon,

P™ (Z1) =p(S0)00(00|S0)7G(Ao|O0)T1(S1[So, Ao) 01 (O1]S1)7d (41| Z1) ...
Tr-1(Sa-1|St-2, Ag—2)0x_1(Og_1|Sg—_1)7% (A _1|Zu_1)

H-1 7 (AdZ) _
=0 w7 (Al Ze)
E™ exp ZtH:Bl In7}(As|Z) — Inwl"(A;]Z;). Using the B-smoothness of the policy, we can derive an upper
bound on k,, even in continuous action spaces.

we relate the sample-path distribution P with the policy distribution: x, = E™

H—-1 R
N 1
Ky <ET eXPZﬂHa*—@ng =exp HpB||0* — 0., k<E Ez:eXpHﬂH@*—t%H2 (54)
t=0 r=1

Despite not considering the policy’s structural properties, this bound still provides certain intuition. Notably,
while this upper bound depends on H, it is unaffected by the sizes of the state and observation spaces,
highlighting the algorithm’s strong scalability for large-scale POMDP problems. We also notice that, as
Natural Policy Gradient updates approach the optimal solution, &, converges to 1. However, suppressing &,
below a small constant becomes more challenging as temporal information increases (H is large) or the policy
class loses smoothness (5 large).

Moreover, k, represents the exponent of the second-order Rényi divergence between optimal and learned
sample path probabilities. By linking k, with f-divergences [3], we can establish upper and lower bounds
on k related to the geometry of the probability simplex. The following result is even independent of policy
parameterization and applicable to potentially continuous action spaces.

H-1
* * o
exp Y E” Dy, (i (\Z)|Imf" (120)) < mp <1437 (B7 1B
t=0
H—-1 g~ H-1
s (At|Zt) 0
<1 T 2elZe) 2N E~D (*-Z T-Z)
s+ g w0 (A¢| Zy) ; ko \ 7t (12| (- Ze)

(55)
Here, x2(+||) is the Chi-square divergence between two probability measures. The proof is a simple application
of basic information-theoretic inequalities detailed in [15, 16], and we omit it for brevity. We observe that as
the KL-divergence between the policies approaches zero, k, converges to 1. It is promising that applying
regularization for POMDPs based on information theory can help reduce the upper bound on k,, which we
leave for future work.

C.1.3 Proof of Lemma 2
We will show a stronger version of the Lemma: La(w;0,7%) < Lq(w; 0, 7%) < 2 €5pat(w; ) + 2+ €approx (0) +

4.7 (&)

Proof. Under softmax parameterization, the policy takes the form of 7¥ (ap|2s) := = exp fo(zh.anih)

apeA P fo(zn,an;h)

Consequently, the log-likelihood of the policy distribution is

log 7}, (an|2n) = fo(zn, an;h) —log > exp fo(zn, an; h)
ap€EA

Taking the derivative to both sides, the score function of softmax policies is

Vo log 7 (an|zn) = Vo fo(zn, ani h) — B mn? (-fzn) Vo So(zns ani h) (56)
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which can be viewed as the centered value of the un-normalized output of the neural network fy. Interestingly,
this structure mirrors the relationship between the advantage function and the action-value function

AT (Z0) = Q) (Z1) = Boapno (1200 Qb (Zny An)  acs. (57)

With these facts, we immediately conclude that the compatible function approximation error La(w,;8,;7")
defined in Eq. (10) is dominated by the Q-compatible function approximation error Lq(w,;6,;7%") introduced
in Eq. (11), under neural softmax parameterization.

La (wr; 07“; ﬂ-or)

H-1
_ 2
zEﬁT E AP (AZQT (Zn) —wI Velnlr (A | Zh)) //Definition in Eq. (10)
h=0

H-1
0, 20 5 O
=E%" ) 4" (Qh (Zn) = Eaymno12)Qn (Zns An)
2
~w Vo fo, (Zn, Ans 1) + @ B g, oo (120y VoS, (Zn, Ani h)) //Eq. (56) and Eq. (57)

H-1
_ - 2
=E5" > 2" (Q1 (Z0) = @ Vofo. (Zn, Anih) = Eayemo i) (QF (Zh An) = ] Voo, (Z, Ani 1))
h=0
H-1

T 7{_67‘ —
=E%" > 4" Vary, o2, [Qh (Z1) — w, Vofo,(Zn, An; h)}
h=0

2
<E”9T Z vy EAh 7 (1 Zn) (Q” (Zn) —w,! Vofo (Zn, An; h)) //Variance is less than second moment.

H-1

r r o, = 2
=K > oA (QZQ (Zn) — WTTVGfOT(ZhaAh%h)) = Lq(wr; 05 7"") //Definition in Eq. (11)
h=0

Next, we use several telescoping technique to associate the last display with the evaluation error. In the
O . . .
forthcoming derivations, we will write Q7 ~ as the approximated Q-function, and refer to the corresponding
Bellman error

Or 1 Or Aol 0,  — ~ 0,  — 2
e (W) = 5B Y A" (QR () - G5 (Z) (58)
h=0

as the evaluation error €eyva1(6,) . We will also invoke the definitions of the statistical and approximation
error for Q-NPG algorithm, which we would like to repeat it here for the reader’s convenience.

2
6aupprox(e'r‘) = wler]llkf"ia E'P Z Y ( Zh —w v@f@ (Zthh; h)) (59)
0 2
€stat (er r ]Eﬂ— Z Y ( Zh — W VHfQ (Zh7 Ah, )) - 6approx(ar) (60)

Now we are ready to state that,

H-1

. 2
Lalwribrin®) =ER" 32" (QF (Zn) = Voo, (Zn, Aui )
h=0
H-1 ) o e ) Y
:E;;BT Z AP (Q’,;QT (Zn) — QZQ (Zn) + Q;f (Zn) —w, Vofo (Zn, An; h)) //Telescope a term of Q;f
h=0
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H-1

2. B > oAt (@ZGT (Zn) — w, Vo fo,(Zn, An; h))2

h=0

0 Al 0r , — ~ 0,  — 2
2-B5" > 2" (@1 (Zn) - O (7))
h=0
//(a +b)* < 2a* + 2b*
=4 €oval(0r) + 2 - (€stat (wr; 0r) + €approx(6r))  //Eq. (58), Eq. (59), and Eq. (60).

Putting things together, we conclude
EA (WM 97"; ﬂ-GT) S EQ (Wr; 9r; ﬂﬂT) S 4eeval(9'r) + 26stat (wr; er) + 26appr0x(97’) (61)
O

Remark 10. Even though the compatible function approximation error relates to the advantage function, we
don’t need to calculate the advantage function directly from the Q-functions using AZQT (Zy) = Q;{e"' (Zn) —
E 4, om0 Zh)QZgr(Zh, Ap), as done in [9]. In fact, this conversion is possibly intractable, since it requires
evaluating all possible actions for every historical input, which results in a high computational cost of
0] (OH AH ) To address this challenge, we can directly adopt a Q-function estimate and run Q-NPG instead,

which still allows us to control the error of La(w,;60y; ﬁ”sr), as shown in Eq. (61).

C.1.4 Lemma 11

We present a linear speedup guarantee for running a minibatch parallel SGD algorithm on smooth
functions under the Poliak-L.ojasiewicz condition.

Lemma 11 (Adapted from Theorem 1 of [20]). Suppose the following assumptions hold: the stochastic
gradients are unbiased and their variance evaluated on a minibatch of size B is bounded as E [||§ — g||2] <
Cillgl* + ”7;, where Cy and o are non-negative constants, and the objective function F(x) is differentiable
and L-smooth: ||VF(x) — VF(y)| < L||x —y||,Vx,y € R, and it satisfies the Polyak-Lojasiewicz (PL)
condition with constant pp : 3||VF(x)|3 > pp (F(x) — F (x*)),Vx € R with x* is an optimal solution,
that is, F(x) > F (x*),Vx. For LUPA-SGD [20] with T local updates, if we choose the learning rate as

N = #—W where a = at + 4 with a being a constant satisfying o exp (—%) < Ky/192 (%), choose

2
mini-batch size as b, local step number as K = O (Mbel ) , the functional suboptimality is controlled by
3b3
ad (F (zo) — F*) 4Lo? 1 256 %02 T(K — 1) L o?
E[F (x7)] — F* < < — 62
¥ (xr) - (T+ap ppbM T +a  ppdM (T +a)® ~ g DMT o

2
Remark 11. For linear regression problems where F'(z) = M, it is straightforward to evaluate that it

satisfies the PL condition with pp = Apin (ATA). It is also L-smooth, with L = A\ .y (ATA). I Notably,
optimizing the compatible function approximation problem is also a least square regression. Specifically,

miniwmize La(w;0;7%) = miniwmize w' Fp w — 2(c,w) where ¢ = E™ [ hH:_01 VAT (Z,)V lnﬂgg (Ah|Zh)}.

According to Eq. (22), ¢ = VgV”e, which implies that
1
minimize La(w;6;7%) = minimize w' Fp w — 2<V9V”9,w> = minimize 3 [|Aw — b||§

where A, b is any solution to AT A =2F, and b' A = VgV“B. Consequently, the regularity constants for the
compatible function approximation problem is L = 2\ ax (.7-' “6> and pp = 2 min (.7-"“9).

LHere, we use Amin(A) and Amax(B) to represent the minumum and maximum eigenvalues of matrix A.
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Remark 12. When the Fisher information matrix is positive definite, direct computation reveals that the
0,
optimal solution w} := ]-'QTT VeV™  ensures

Vola(w?:;0p, 70 ) = — 2. E™" Z’y (A” — Yy na? (An|Zn)w )hmh (An|Zn)

H-1

Sy (Q’T TV nal (Al Zy)w >ln7rh (An|Z1)
h=0

=—2-(VoV" = Flwi) =0

o (63)
=—2.E7

where the second step is due to Theorem 4.

C.2 Proof of Lemma 2

Proof. Let us first show the result concerning sample complexity. Under the convention that T'= RK, if we
pick K = ; (which implies R = (MT)'/?), Theorem 2 implies that

T/
]\/[1/2
R 1
1 . HW\/2B8D + —+/kHLo?2, 1
_EQT lRZVwe S HE +€app_0( > +6pr
r=1

VMK VMK
where we abbreviated the function approximation error %H Zil VE €approz(0r) a8 €app. Consequently, to
ensure e-suboptimality, the number of sample trajectories used in each round 7 is

H2W?BD + LxHLo% H*W2BD + LrHLo?,
Npcr round — K > ~
- M (e — eapp)2 e

provided that the function approximation error is small. Consequently, the total number of samples used in
all the policy updates combined is
HAW432D? + %HZLQO?U

Niotal =T = RK = MK? >
total R 2 A

, exhibits a linear speedup w.r.t. M. For communication complexity, the number of times of gradient

communication equals R-I = R- O (5;;) =0 ( e /6) in each round, which is accompanied with

R =+ MT times of synchronizations of the policy parameter. O

C.3 Proof of Theorem 3
Proof. According to Eq. (42), the Bellman error of policy evaluation is E & (zZ”;QT) is controlled by

~ 2
0] (% (da;;’ g)) We set the number of local steps for policy improvement K = \/%, number of

rounds of policy update R = v MT and the number of steps for policy evaluation as T, = K. This allows the

functional suboptimality to be
R wawa\/@ nH> (Y947

AV

r=1

v —Eo,.,,

+ €app

To ensure e-suboptimality, we need to ensure

H?*W?8D + = e KHLO’ + kH? (dQJrJ ) HQWQBD—FH%KHL(%—&—&HQ (%)
. F
Kz M(e — €app)? - Me?
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provided that the function approximation error is small. These facts imply that the total sample complexity
of Algorithm 1 is

CQ
— : _ _ 2
Ntotal = Neval + Nlmprove =2T'=2MK* =0 (M€4)

2
where ' = H*W?3D + = HLo? + kH* (“2172 ).
F

Vg2
As for communication complexity, Algorithm 1 requires sending parameter § € R% and w € R%
for R+C = O (\/MT+T5/6M_1/6) times, while communicating Q-network parameter 1) € R for

R-(MT,)'/3 = (MT)/3. Putting things together, we need to communicate
Pootat = O ((MT)Y2 + T¥50-1/%) dy 4+ (MT)'/? - dg

floating-point parameters. O
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